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SUMMARY

Generalizing the idea of the deformable elastic shell model by Dick and Overhauser {1], a continuum model
for thermoelastic diatomic elastic solids is presented. The model used is based on the assumption that a
diatomic solid may be considered to consist of two simple and initially overlapping elastic media interacting
with each other. Based on this assumption, the kinematics, balance laws and the appropriate constitutive
relations for heat conducting diatomic elastic solids with multiple temperature are presented. For the illustra-
tion of the theory, the propagation of time-harmonic thermal waves in elastically rigid heat-conducting
diatomic solids is studied and some particular cases are discussed.

1. Introduction

It is a well-known fact that most of the elastic materials are made of complex molecules rather
than simple atoms. From the viewpoint of lattice dynamics it is, therefore, apparent that the
internal structure of such solids is multi-atomic. The classical continuum theory of elastic solids
ignores the relative motions of particles in the same cell, and comes up with the result that the
wave propagation in such an elastic medium is not dispersive. However, the results of phonon
dispersion experiments (c.f. Brockhause [2], Harrison [3] and Wallis [4]) show that the phase
velocity changes with wave number. These facts have forced the researchers to introduce
generalized continuum theories that take the relative motion of particles into account. Among
these studies it is worthy to mention the director theory of Toupin [5], the micromorphic
theory of Eringen and Suhubi 6], and the multipolar theory of Green and Rivlin [7]. These
theories are mathematically complete, yet they have found little applications in physical prob-
lems concerning elastic solids.

The continuum theory of elastic solids with diatomic structure was first laid down by
Demiray [8, 10], in which the body is assumed to consist of two simple and initially overlap-
ping elastic media interacting with each other. The balance laws and thermodynamically admis-
sible constitutive equations, and related kernel functions characterizing the elastic properties of
constituents are also reported in the same work. In the present work, a continuum formulation
of heat-conducting elastic diatomic solids with multiple temperature is presented. The balance
laws are formulated for each species in the medium whereas the entropy inequality is formu-
lated for the whole of the body. A set of nonlinear and linear constitutive equations is derived
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and several particular cases are discussed. As an application of the present derivation, the
propagation of harmonic waves in elastically rigid heat conductors is studied. Contrary to the
result of classical thermoelasticity, it is shown that the speed of propagation in rigid conductors
is finite.

2. Kinematics and balance laws

Consider an elastic diatomic continuum whose coordinates of material particles in the unde-
formed body B, are denoted by X. Thus the motion of each species in the body is described by

X(a) =x(a)(X,t) , (a= 1,2). 2.1

The velocity v(4) and the acceleration a(, ) of the ath component are defined by

aX(a)

_ OV(a)
V(a) = ot

=X@ > @)=

. 5 |, = (2.2)

For our future purposes, we define the deformation gradient, its inverse and their time deriva-
tives as

Fa)=0x@/dX , H@)=X/3x@) , FaHe)=HoFw=1 (23)
F)=LeF@ > He=-Hale 24)

where L(4) denotes the space gradient of the velocity vector v(q) of the ath component. For
other details of the kinematics of diatomic solids the reader is referred to [8, 10].

Since the constituents of diatomic solids initially occupy the same material volume in space,
it might be convenient to work with quantities described on the undeformed body. The balance
laws are listed below:

X,

Fig. 1. Finite deformation of a diatomic solid.
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(i) Conservation of mass:
ooy =Py > (@=1,2) 2.5)

where p?a), P(a) and Ji4y are respectively the initial and present values of mass density and
the Jacobian of the motion of the ath component of the diatomic solid.
(ii) Balance of linear momentum:

div T(oy + 0¢a)f(@) ~ 8(e)) + Gy =0 , (a=1,2). (2.6)

where T(y), f(o) and Gy are respectively the Piola-Kirchhoff stress tensor, the body force and
the rate of linear momentum transfer, subject to
2
2 Gy =0. 2.7
1

a=

(iii) Balance of angular momentum:

q M

Z, (F(Q)T(a) — X(a) GBG((,‘)) = Symmetric. (28)
(iv) Conservation of energy:

Pearé(ay = r(TayFa)) — Gia) * Vi) +41¥ Qay + Plarfi(a) + Ea)- (2.9

with

where €(q) is the internal energy density per unit mass, () is the heat source per unit mass,
Q(a) is the heat in-flux per unit undeformed area and £, is the rate of energy transfer per unit
volume of the ath component.
Re-defining the energy-rate terms in a proper way, the energy equations may be expressed as
0 - S . .
Alare) = 1108 (@) ~ Gray - Wiy + ¥ Qo) + Plarlige) +€(@) »  Ze(ay =0. (2.10)
where
Eqy=e) +Gay * vay + 1(TyFay),
E@y=ey~Ga) * vy — Tk,

o =Ty+Te)y . 00)=Twy . Suy=Fuy . S@)=Fa) -Fq), (2.11)

W(a) = X(a) — X(1)
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(v) Entropy inequality:
The balance of entropy for a diatomic solid is expressed by

Q(a)) Playh
=p0 o _ F@)(e)
'y(a)—p(a)n(a) div ( o(a) o(a) +n(a) (212)
with
En(a) =0. (213)

where 7(4) is the entropy volume density per unit mass, 7(,) is the rate of entropy transfer into
the ath component, 8(,) > 0 is the absolute temperature and (4 is the rate of partial entropy
production per unit volume of the body. Following Bowen and Wiese [11], and Dunwoody and
Miiller [12], the second law of thermodynamics is taken to be

z V(@) =0. (2.14)
a
In mixture theories, however, some people use separate entropy inequalities for each compo-

nent in the mixture (c.f. Eringen and Ingram [13], and Green and Naghdi [14]).
Eliminating p?a)h(a) between (2.10), (2.14) and utilizing the Helmholtz free energy,

¥(a) =€) — O(e)M(a):

the following alternate form for the entropy inequality is obtained

o :
LOW ; 9(2)S(o) ) Qay * Ay
|- + ()0 (a)) +17 ( +
2 l: Ba) (¥() + M(a)b()) b o

_ Gy Vo)

1
+e — - — ) =0, 2.15
82) ™ ("(1) ) (2.15)

where A(a) =grad 0(0,).

This inequality must be valid for all independent thermodynamical processes.

For a detailed discussion of the kinematics and balance equations of diatomic solids the
reader is referred to Demiray (8, 10].

3. Constitutive Equations

In this section we develop a set of constitutive equations for heat conducting diatomic elastic
solids with multiple temperature. The independent constitutive variables are selected to be

Sy » W2y 5> Oy s Aoy » (@=1,2) (3.1)
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Thus the general form of a constitutive dependent variable may be given in the following form
Yy = ¥(o) Bpys W2y 0y Agy) > (@8=1,2). (3.2)

A similar form of constitutive functions is valid for other dependent variables. Introducing (3.2)
into (2.15) we obtain

0 0 0

P | ) ) P(a) : (U(a) PE) . OYe) \ ¢
-2 ( . + 0(o) +1r -2 . S
a{ [ﬁ b 0@ ) O @ 7@ by 60@ B/

(1]
pley ) | ; Qe * Aoy Cay, 5P Moy |,
-2 Aoy + 2 6 + 0 ow W(2)
8 0@ MNe 0 @ 6 9@ W)

1 1 )
e _—_— = =20. 33
Tem ( 82y Oy (3.3)

Since the inequality (3.3) is linear in é(a), A(a), S(a) and W(,), the necessary and sufficient
conditions for the inequality to be valid for all arbitrary variations of these variables are that
the coefficients of these quantities must vanish, i.e.,

0
0 d (E(a) ) P(a)
-9 - , (a=1,2), (3.4)
0Z(a) 0Z(2)
B C)) - ) 3.5
%= 3y G2 W2 (3.5)
Here the functions X4y (S¢y), W(2), 0(y)), (@ =1, 2) are defined by
z z 2 H
W _ = _ 4 (P(a)‘l'(a)) , (3.6)
0y 0@y 6=1 9(s)
and the remainder of the inequality becomes
Q) * e
Y RLOMLTIN 2 >0, 3.7)
@ 8() (@)

As is seen from equations (3.4)-(3.5) the stresses and the rate of momentum transfer terms are
independent of the temperature gradients, whereas the partial entropy densities may depend on
the gradients of the temperature, the sum of the entropy densities being independent of the
variables mentioned.

The principle of objectivity (frame indifference) implies that the free energy should have the
following form

V() = V() (C, D, T, 6(5), Agy) (3.8)
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where
c=8{)S,, » D=S{;S, . TI'=8{ w,) (3.9)

Here the superscript ()7 denotes the transpose of the corresponding tensor. Substituting (3.8)
into (3.4)«(3.6) we have

2y o . 2w o7 | 20
w=27%¢ Sw*Fp St Fr Ver
62(2) T 62(2)
O(2)= (S(Z) oD » vG(2)='—S(]) ar . : (310)

The set of equations (3.10) gives the most general form of constitutive equations for heat
conducting elastic diatomic solids. In what follows we shall present the linear constitutive
equations.

4. Linear constitutive equations
In the linear constitutive equations the constitutive independent variables may be expressed as
2E=C+I=[gradu+(gradu)’] , D=z=gradw , F=w=w(,),

0(0,) =00 + T(Ot) , with | T(a) | << 60 s 00 > 0, (41)
where E, u, 0, and T, are respectively the Lagrangian strain tensor, the Cartesian components
of the displacement vector of species (1), the constant equilibrium temperature and the devia-
tion of absolute temperature from the equilibrium temperature. Furthermore, approximating

1/6(a) by (1 — T(a)/8,)/6, , and keeping only the quadratic terms in independent variables, we
have from (3.4)

1 .
Ty =Z+(-1)° A (T(2) — T(1y)) Lin (Z - playb(a)) 2=§P?a)¢(a), 4.2

where the symbol (Lin) is used to denote the linear part of the corresponding quantities.
For linear and isotropic materials the total free energy T may be expressed by

Z=2 - Ep?a)n?a)T(a) - % (as — 2‘fl)T(zl) — (o + 7 + Tz)T(l)T(z)

~3 (@7 = 21)T(a) — (B1 +B5 — 73)T(1)trE — (B; + By +73)T()t7E

— (B3 +74)T(1ytrD — By — 14 )T(z)trb +3 (\p +20 + 03)(7E)? +

(1 + 202 +p3)r(E?) + 3 N3(¢rD)? + (3 + &)tr(DDT) + (3 — K)trD?

+ (A2 + M )rEtrD + 2(u, + u3)tr(DE) + ow + w. 4.3)
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Similarly the linear parts of p(()a)xlz(a) may be given by
Lin (p?1 Way) = P(()l)‘l/?l) —00(1sT(1) + T2 T2y + T TE+ 14 trD), (4.4a)
Lin (p{2y¥(2)) = P(2)¥(2) — Bo(r T1) + 71 T2y + 7327E + 75rD). (4.4b)

Substitution of (4.3) and (4.4a, b) into (3.10) yields the following linearized constitutive
equations:

0?1)’0(1) =P?1)’f7?1) + (a5 _Tl)T(l) + (a6 + Tz)T(z) +(By + B3 —73)rE
+(B3 + 14 )#rD, (4.52)
P?z)n(2) = 9?2)77?2) +(as +71)T(1) + (a7 —72)T(2) + (B2 +Ba + T3 )IrE
+ (B3 — 7 JtrD, (4.5b)
o1y =[(A1 + 20, + X)PE + (A + X3)trD — (81 + 83)T(1) — (B2 +Ba)T(2) ]
+(2uy +4s +2u3)E + (s +43)(D + D7), (4.62)

0(2) = AstD + (\y + N )rE — B3 T(q) — Ba Ty M+ (us + K)DT + (s — K)D + 2(z +433)E,
(4.6b)
G(2) = —VW, (47)

where I is the identity matrix and p?a)n?a) is the equilibrium value of the entropy density of
the ath constituent. If the body is assumed to be initially stress-free, then further conditions
may be put on these coefficients, i.e.,

T3 +T¢ =T4 +Tg =0.
Similarly the heat-flux vectors and the rate of energy transfer terms may be expressed as

Q1) =KiAq) tK2 Ay t 1w,

Q2) =K3 A1) + KaAp) + 72 W, 4.8)

ey =—ai1 Ty +a; T(py +a3trE + aqtrD.

If (4.8) is introduced into the linearized form of the entropy inequality (3.7), an important
implication deduced from the inequality will be as follows

Y1=72=0 , a3=as=0 , ay=—a =a=>0. (4.9)
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Hence, we see that the heat flux does not depend on the relative displacement w and the
reduced form of the energy transfer term becomes

ey =a(T2) — Tay)- (4.10)

This shows that, in the linear constitutive theory, when the temperatures of the species are the
same there will be no energy exchange between the constituents. Moreover, entropy inequality
(3.7) may put some restrictions on the coefficients K;(i = 1, 2, 4), but to save space we do not
list them here.

Now let us return to the investigation of energy equations (2.10). Since we assumed that the
initial stresses vanish, in the linear theory the energy equations become

div Q(a) + p?a)h(a) +€(a) — Lin [p(()a)e(a)] =0. (41 1)
Using the relation Y (4) = €(a) —0(a)M(a) and the expressions (4.2) and (4.8), we have
Lin [pga€(an] = Lin [0fa V(o) + P 0] + 00yl T (4.12)
(@)€() P@)V¥(@) * PP + Py () Tie)- -

Substituting (4.2), (4.5) and (4.8) into (4.11), the linearized expressions of the energy equation
become

K\ Ty + KV Tg) +a(Ta) — Ttay) — 6o las Tay + s Tay + (81 + By rE
+ 822D + p1yh(q) =0, (4.13a)

K3V Ty + KV Tgy +a(Tgyy — Tzy) — 0o las Ty + Ty + (B2 + Ba)trE
+B4trb+p?2)h(2)= 0, (4.13b)

where V2 is the Laplacian in three-dimensional E-space.
Noting the relation between the vectors (u, w) and u(q) (@ = 1, 2) and the tensors T(a) and
O(Q), e.g.,

up=Eu o,y Eurw . Ty =ogy—0g) . Ty =o@), (4.14)

from (4.6) and (4.7) one can express the stress tensors T(q) in terms of the gradients of U(g).
Since it is a straightforward substitution we will not repeat hem them here.

Field Equations:

Having these linearized constitutive relations we may obtain the field equations governing
heat conducting elastic diatomic solids. Introducing (4.6) and (4.7) into (2.6) and noting the
relations (4.14) the following differential equations are obtained:

A+~ ) gy + (1 + K0V 2u00) + g + 12 + KV 2 0y + (1 — KV 2y
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Thermoelastic solids with diatomic structure 89
+0(u(g) — U(py) — BiVT) — B:VT(2) + 001y (E 1y — 1)) =0, (4.15)
Oy + 12 + KV 2 ugpy + (g —)V2000) + (A3 + 13 — KTV * uggy + (i3 +K)V 0y
—(ue2) — U(1)) = BsVT(ry — BaVT () + £(2)E2) — Bia)) = 0. (4.16)

These field equations (4.13)-(4.16) may be used in solving some properly posed initial and/or
boundary value problems of heat conducting elastic diatomic solids.

5. Wave propagation in elastically rigid heat conducting diatomic solids

As is known from the classical theory of thermoelasticity, there is no wave propagation in
elastically rigid heat conducting monoatomic solids. In other words, any thermal disturbance
created at any material point of rigid conductors is instantaneously felt by other particles at far
distances. This means that in such solids the thermal disturbance propagates with an infinite
speed. This result seems to be reasonable for the case of high temperature, where the vibrating
particles convey certain information to the next particles with almost an infinite speed. How-
ever, for the case of low temperature physics the speed of information carrying particles is
finite; consequently, the speed of thermal disturbances must be finite. Such a result contradicts
the findings by the classical theory of thermoelasticity of monoatomic solids. In order to bridge
the gap between the existing theories and the physical observations, a refined mechanical model
must be presented for the thermal behavior of elastic solids. Among such efforts we may
mention the works by Miiller [15], Green and Laws [16], and Suhubi [17], where they have
treated the entropy flux to be independent of heat flux and introduced the time rate of
temperature as an independent constitutive variable. Since in such cases the final energy equa-
tion includes the second-order time derivative, as well as second-order space derivatives of
temperature, the solution admits a wave solution with a finite speed.

In the present work we will show the existence of thermal waves in elastically rigid heat
conducting solids by use of a different mechanical model. The theoretical model that we would
like to use here is the heat conducting elastic diatomic solid with multiple temperature distribu-
tion. The field equations of elastically rigid heat conductors may be obtained from equations
(4.13)(4.16) by setting E(o) = 0 (a = 1, 2). If this is done the result follows

K\V? Ty + Ko V2T () +a(Tpy — T(ry) — Bo(as Tay + @ Ta)) + A01yh1y =0, (5.1)
ngzT(l) +K4V2 T(2) + ll(T(l) - T(2)) — 00(“6 T(l) + Q5 T(2)) + P(()2)h(2) =0. (52)

Here we consider the propagation of simple harmonic waves in the absence of heat-source
terms. The appropriate form of such a wave, propagating in the x, =x direction, is given by

Tty =0Ty exp li (kx —wf)] , (@=1,2) (5.3)
where T&) is the complex amplitude of the wave, k is the wave number and w is the angular
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frequency of the wave. Substituting (5.3) into (5.1) and (5.2) the following homogeneous
equations are obtained

(580w — K1 k* — a)T()y + (B0 — Ko k2 +a)T(3y =0, (5.4)
(6800 — K3k? + )Ty +(ies00w — Kok —a)T(3y = 0. (5.5)

In order to have a non-zero solution for T(ol) and T(oz), the determinant of the coefficient
matrix obtained from equations (5.4) and (5.5) must vanish, i.e.,

Cow? +i(cy +C2k)w —(c3 +C4kP)k? =0, (5.6)
where, for brevity, we have set
Co =((15(17 —az)og . (] =a00((15 + Qy +2(16) , Ca =00[(15K4 +a7K1 —-(16(K2 +K3)],
cs=aKy +K, +K3 +K3) , ¢4 =K K4 —K;K;.
Assuming that k is a real quantity, according to representation (5.3), in order to have a
physically admissible wave solution one must have Im(w) < 0. Setting k = 0 in equation (5.6)
the cut-off frequencies are obtained as

we,1 =0 , wq,=—ic/cy , provided ¢ #0. 5.7)

For the reasons mentioned above ¢, and ¢; must satisfy the condition (¢ /cq) > 0.
Replacing w in (5.6) by i, an alternate form for the dispersion equation may be obtained:

o +(c; +C2k)Q +(c3 + cak?)k? =0. (5.8)
The roots of this equation are given by

Q2= z—io [— (c1 +cok?) £ iA%(0)] (5.9)
where

A(k) = 4co(cs +cak®)k? — (cy +c k). (5.10)
In order to have an admissible wave solution one must have A > 0 for some values of k. It is
seen that for small wave numbers, i.e., k¥ = 0, this condition is not satisfied. However for

sufficiently large values of k, A(k) may have positive values, that is, thermal waves may propa-
gate in rigid heat conductors.
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